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# SOMEEXACTSOLUTIONSOFTWO-DIMENSIONAL
FLowsOFCOMPRESSIBLEmm
W15 HODOGRAPHMETHOD
By Chieh-chienChangandVivi5mO‘Brien
..
A suggestionisgivenforclassifyingthecompressiblepotential
flowsaccordingtothelocationandnumberof singularitiesinthesub-
sonicregionofthehodographphne, whichseemsto offera convenient
criterionforsystematicinvestigationoftheseflowswithChaplygin’s
originalmethod.Theprimaryobjectofthepaperisto presentand
analyzea fewusefulsolutionsofcompressiblepotentialflowwiththe
exactgaslaw. Thesesolutionsticludeflowsaboutconvexcorners
whicharethesametypegivenby K&ft andDibble.Theseflowsbelong
tothesameclassasthatofRingleb,thatis,theyhavea hodograph
singularityy attheorigin.Forthisreasontheyarecalledgeneralized
Ringlebflows.l?urthermo~,theexactsolutionof compressibleflow
througha particularcontractingchannelisgiven.Thisflowischar-
acterizedinthehodographby a sourcecorrespondingto incomingvelo-
cityanda sinkcorrespondingto throatvelocity.Thechannelflownear
thepointof inflectionftheboundaryisgivenindetail.
INTRODUCTION
Thehodographmethodas appliedtothetwo-dimensionalpotential
flowofcompressiblep rfectfluidwasdemonstratedby Molenbroek(ref-
erence1) in1890aniiby Chaplygin(reference2) in1904,andhaslately
beenformulatedmoreextensivelyb Tsienandho (reference3), -
LighthilJ(reference4),Cherry(reference5),Chsmg(reference6), and
SOforth.Althoughthemathematicaltheoryofthemethodiswellestab-
lished,veryfewexactsolutionsofphysicallyinterestingflowshave
beenfound.Solutionshavebeenfou@ by K&m& andTsien(e.g.,refer-
ence7) andGuderleyandYosqa (reference8) usm hypotheticalgas
laws. Thereisdangerthathportantphysicalfeaturesmaybe lostti
suchapproximatesolutionseventhoughtheanalysisisoftenverymuch
simplMied.Itwouldseemworthwhileto obtainasmanycompressible
flowsaspossiblewiththeexactgaslaw.
.
—— .__.
——.
Therearea number
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ofdifficultieswhichimpedetheinvestigators
solutionsforcompressibleflow. M general,
intheflowfieldwhichmakeanalyticontinua-
tionnecessary.Theanalyticontinuationevenacrossa stilepoleis
complicatedforcompressibleflow. Itwouldbe a formidablemathematical
tasktofindtheanalyticontinuationacrossthehigher-ordersingu-
larities.Lighthill’s(reference4)orCherry’s(reference5)methodof
expressingChaplygin’sfunctionof complexeigenvalueihtermsofa
seriesofChaply@n’sfunctionsofpositiveintegralvaluessoundsftie
an.alyticdly;however,inpracticethenumericalcalculationisrather
impractical.
Huckel’stables(reference9) aretheonlysatisfactoryonesonthe
Chaplyginfunction(whichis,ineffect,a varietyofhypergeometric
functionsoftheMachnumberdependingontwoparameters,i.e.,the
specificheatratio y andtheeigenval.uen) coveringa largeeno~
rangeof n withsmallenoughintervalsofMachnumberM to determine
thenecessaryinformationfora compressibleflowoftheperfectgas
with 7 = 1.4. EvenwithHuckel’stables,therangeandintervslsof
Machnumberandofeigenvsluen aretoolimitedforcalculatingthe
flowinmanycases.Theseriessolutionrepresentingthestreamfunc-
tioninthehodographplaneconvergesveryslowlynearflowsingulari-
ties,iftheysrenotattheorigin.Manymoreterns(correspondingto
largervaluesof n)thanthoseavailableinthetablesareneededin
orderto obtaina closerestimationto flowbehavior.Alsotheexisting
methodsof suminga slowlyconvergingseriesareratherinadequateo
handlethepresentproblem.Theunpublishedmethodof S&n@ (refer-
ence10)forsummingsuchseriesseemsa stepforward,anditwascer-
tainlyhelpfulforthepresentwork.
Forverylargevaluesof n,theasymptoticsolutionsofthe
Chaplyginfunctionintheseue ofCherry(referenceId.)requiretables
ofBesselfunctionsofboththefirst@ secondkind.AlthoughIllSIly
BesselfunctionshavebeencslculatedbytheHarvardComputationLabora-
tory,NationalBureauof Standards,andothers,thetabulationofBessel
functionsofthesecondkindis gyiteincomplete.
To avoidtheabovedifficulties,theauthorsattempto showwith
theholographmethoda fewshple solutionsofcompressibleflowwhich
requirenoanalyticontinuationa dsrejustwithinthecapacityofa
deskcomputerandtherangeofexistingtables.Itiswell-lmownthat
theshpleRingl.ebsolution(reference12)onthecurvedcoxrvergemt-
divergentnozzleshowsmanyWerestingpropertiesof smoothtransonic
potentialflow. ~ principle,thiscompressibleRinglebflowisdeduced
fromtheincompressiblef owturn.ingarounda semi-infinitethinplate.
Thiscorrespondsto a doubletatthehodographorigin.
he authorsareindebtedtoDr.G. S.S.Ludfordforobtaininga
copyofShanks’paper.
.
“
I
KraftandDibble(reference13) havestudieda moregeneralCIRES
ofhodographflowswitha multiplepoleattheoriginandboundaries
composedof constantO andconstantvelocitymagnitudeq. Eachflow
thencoversa sectorofa circleabouttheorigintithehodogmphplane.
TheRinglebflowisa specialcaseofthisckss offlows,as arethe
generalizedRinglebflowstobe discussedlater.Amongothers,I&d%
andDibblegivethedetailedsmoothflowpatternforflowturningabout
a 600corneranglewhichisobtainednumericallywiththedifferential
analyzer.Thesolidboundaryiscomposedof straightlinesanda rounded
corner,wherethevelocitymagnitudeisconstanteverywhereonthecorner.
Correspondingtomultiple-ordersingularitiesattheorigin,a
familyof compressibleflowsarederivedherefromtheincompressible
flowabouta sharpconvexcorner.Suchanapproachadbeenbriefl.y
indicatedinreference14. TheseflowsbelongtotheclassofRingleb
flowsandarethereforecalledgeneralizedRinglebflows.Althoughmuch
hadbeenlearnedfromtheoriginalRinglebflowandtheflowsofKraft
andDibble,therestillremainedsomeunexploredfeaturesthatsucha
fsmilyofflowsmightilluminate:
(1)Theeffectofthesizeofthecornerangleuponthemmdmmm
possiblevelocityforsmoothisentroplcflow
(2)Thenatureandinfluenceofthelhitingltiefordifferent
membersofthisflowfamily .
- (3) TheidentificationofW thepiecesofhodographflowwiththe
flowinthephysicslpane
Thepresentreatmentattemptsto coverthisunhewn@oundwiththe
simplecalcfitingtoolsavailableto an ordinaryresearcher.5ere
arestilla numberofthingswhichcalJ_forfurtherinvestigation.
Anotherinterestingexampleisthecompressibleflowthrougha two-
@nsionaJ-contractionchannel.Theimposedconditionsontheflow
are: (a)Thelow-velocityincomingflowisuniformandparallelto the
x-axisand(b)theoutgoingflowisuniform,parallelto theaxis,and
ofhigherspeed.Sofar,no exactsolutionforsucha compressible
channelflowisavailable.h orderto showtheessentialfeatures
withoutbecominginvolvedintoocomplicatedan analysis,theratioof
incomingto outgoingvelocityinthechannelflowoftheincompressible
fluid(reference15)isassumedequalto 1/2,(i.e.,ratioof inletarea
andthroatareais2:1)withoutspecifyingthegeometryofthechannel.
Thedomainofflowinthehodographisrestrictedto liewithinthe
annukrregionbetweenthehodographsourcecorrespondingto theincoming
flowandthehodographsinkcorrespondingtotheoutgoingflow. Conse-
quently,theentireflowinthehodographcanberepresentedby a single
serieswithouthecomplicationfanalyticontinuation.5ere is,
... —.-———-——-
.—
____ ...— ——
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however,a
infinitely
flowfield
disadvantageduetothischoice;namely,thechannelbecomes
ong. Inconsequenceit isdifficultto calculatethewhole
numericallyandsoonlythechannelboundaryistivenand
thechannelflowintheneighborhoodfthepointof &lec~ion isshown
indetail..
An emp13ficationfHuckel’stableswasmadeforthepresentcalcu-
lationandisticludedinthereportastables1 to 4. Thesetables “
werecalculatedwiththeotidinarydeskcomptierandareexpectedto be
accuratetothethirdplace. (SeeappendixA.)
Thispaperoffersa stmplemeansof classif@gpotentialcompress-
ibleflowaccordingto thelocationandnumberofthehodographsingu-
larityiesinthe-sonic domaininsteadoftheshgularitiesinthe
physicalplane.
_les me givenfor=ti WOUP, someWI=I.J--bown,
somenew. Theflowsarerestrictedto onlythosewhichcanbe treated
withChaplygin’smethod(reference2). Perhapsucha classtiication
willleadto systematicinvestigationofusefulsolutionsofhodograph
equationsinthefuture.
.
Theauthorswishto expresstheirappreciationto ProfessorF. H.
Clauserforgivingconstructivecriticismtothisprojectandslsoto
W. B. T. Chuforhisvaluableassistance.Thisinvestigationwascar-
riedoutintheAeronauticsDepartment,TheJohnsHopkinEUniversity,
underthesponsorshipandwiththefinancialassistanceoftheNational
AdvisoryCommitteeforAeronautics.
CLASSIFICATIONOFTYPESOFFLOWS
ACCORDINGTOHODOGRAPHSINWLAWTIES
‘Thelawsofmassandmomentumconservationftheisentropic,
irrotationalf owof an inviscid,compressiblefluidcanbe expressed
intermsofa single&Wferentialegpation(reference3):
.
.
(1)
where x and y srerect~ coordinates,u and v arethe
respectivevelocitycontponents,a isthelocalsoundvelocity,and ~
isthestreamfunctiondefinedby
.
— ———.
.—— .—— —
.—
— —
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, PO
u =— tPY
1“
(2)
P.
v
~ Wx=.—
Here p isthelocaldensityandthesubscripto referstothestag-~
nation.condition.(Alistof symbolsisgiveninappendixB.)
+
Introducethevelocitymagnitudeq = 2 + V2 andtheconstant
ultimatevelocity~ =
4“
2 Itcanbe shownthatboth a and p
3“
areuniquefunctionsofv~ocity magnitudeq:
a2 ~ q2_ l-T
—=
a.2 %12
.;=(l. T)~
1
(3)
where
I
Pqzkqos.sl) and p .1/(7:1).
Forgivenboundaryconditions,equation(1) beingnonltiear,is
veryCUfficultto solve. !Chaplygin(reference2 presumablysawthat
thecoefficientsofthehigh-orderderivativesof v containonlyfunc-
tionsof u and v whichareinturnrelatedto thefirstderivatives
of w. Consequently,he succeedsintheuseof q and 19as tie-
pendentvaridlesto expresstheequationinthehod.ographplaneas
q21+-q+ (M2+1)q~q+ (1- M2)$ee= O (4)
whereM = g/a istheMachnumber,beinga functionof q butinde-
pendentof e. Theimportantgainoftheequationinthisformisits
linearity,theseparabilityy ofvsriables;E@ thefeasiblesuperposition
ofparticularsolutionsl It isellipticinchsyacterff M-<1 and
. hyperbolicif M >1. Theparticularsolutionchosenby Chaplyginis
.— —-— . —
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$-(q,e)= Wn(q)ehe
where n isreal. Then *n(q) satisfiesan ordinarydifferential
equationwhereprimemeansdifferentiationwithrespecto q:
whosesolutionis
where
n(n+ 1)
,~bn=- z p
Cn=n+l
(5)
(6)
(7)
.
(8)
and
J?&,bn;cn;$) (9)
isa hypergeometricfunction.
‘me ‘k’bn;%;$ ‘epetisody
on n and 7 insteadofthreeparameters,itmaybe caUedthe
Chaplyginfunction.For M = O,theincompressiblecase,F = 1 and
_———
..“
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~(q,19)= qnetio.Notethat etie remains
andincompressiblef ow. Thismeansthat,
thesame
forthis
i
forcompressible
particularsolution,
compressibilityhasno influenceonthevelocitypha~eangle (3.For -
eachparticularvalueof y and n,thecompressibilitynfluencesonly
thevelocitymagnitude,thatis,
( ~2)qn+qnF an,bn;Cn;—%12
ThispointleadsChaplyginto hisfamousmethod:~
functionoftheincompressiblef uidislmowninthe
(lo)
theflowor stream
hodographplsme
andisexpressibleina powerseriesof q,a correspondingcompressible
flowinthehodographplanecanbe obtainedby replacingqn ineach
(n $)-termofthepowerseriesby q%?~,b ; cn; It shouldbenoted
thatthereisa markeddifferenceinthevsliddomainofthecompress-
ibleandincompressiblehodographplanes.Theincompressiblehodograph
domainisinfiniteinextentwhilethecompressiblehodographdomainis
restrictedwithinthecircleofultimatevelocity~. Ifthetwo
streamlinesforthesamevalueof $ inthecompressibleflowarecom-
pared,thetwostreamlinesarenotthesamegeometricalshape.The
largertheMachnumber,themorethedistortion.
Chaplygin(reference2) showsthatthishodograph.flowcanbe
uniquelymappedtothephysical.planeaslongastheflowisnowhere
supersonic.LaterinvestigatorsshowthataslongastheJacobian
“a(x,y)/a(q,6)isnotsingular,thehodographflowcanalwaysbemapped
confonnallybackto thephysicalplane.Theboundarylinewhere
a(x,y)/a(q,t3)s O isctiedthelimitinglineby Tollmien(reference16)
andTsien(reference17). Thus,intheccngpressiblef ow,thevalid
hodographdomainisfurtherestrictedby thelimitingline,whichlies
insidethecircleofultimatevelocity~ inthesupersonicregion.
Onlythehodographflowwithinthelimitinglinecanbemeaningfdflow
inthephysicslplane.However,ifonlyisentropicflowisof interest,
thehodographflowshouldbe furtherconfinedtotheregionwithinthe
streamlinefirsttouchedby thelimitingline.
Thereisonecomplicatedfeaturewiththismethod,thatis,ifthe
incompressiblehodographflowhasoneormoreregularsingularitiesin
theflowregion,onepowerseriesisrequiredforeachannularegion
of convergenceb tweenthesingularities.Of course,theanalyticon-
tinuationisrequiredacrossthesingularities.However,inapplying
.
_ _ -———
.— ————
8thecompressibility
respondinganalytic
effectwiththe
ontinuationis
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hypergeometricfunctions,thecor-
verydifficultto find. Cherry
(rezerence5)andLightW (reference4)havecontributeda greatdeal
onthispetitforflowswithoutcirculation.As farasflowswithcircu-
lationareconcerned,thatproblmisfarfrombeingsolved.
Sofar,theboundaryconditionsofeqwtion(1)havenotbeendisc-
ussed. Thesituationcannotbe handledforgeneralphysicalboundary
conditionsorevenforgenerslhodographboundaryconditions.Chaplygin’s
methodofparticularsolutioncantreatonlythesimplesthodograph
boundaryconditions;thatis,wheretheboundariesarecomposedoflines
of constant13andcirculararcsofconstantq,suchastheflow
throughanaperturewithinclinedstraightwallsas showhinreference6.
Consequently,theflowscanbe classifiedonlybymeansofthehodograph
singularities.Accordingto theorderof simplicityof solution,the
flowsoltiionsareclassifiedfitothefollowingcategories:
(1)Onesingularitylocatedathodographorigin.
Thesimplestsingularityofthistypeisa sourceatthehodograh
origin,thestreamfunctionofwhichis fW= -Elas showninfigurela)
fortheincompressiblef ow.Thestreamlinesarestraightradialines
extendingfromtheoriginto infinity.Itistiterestingthatthis
hodographsourcecorrespondsto a physicalsinkwhichhasstreamlines
comingfrominfinityandrunningradiallyintotheorigin.However,
forthecompressibleflowwithholographsourceattheorigin(fig.l(b))
thestreamlinesaretangentothecharacteristicsatthesoniclhe.
ThesoniccircleistheMmitinglineandtheflowcanuotcontinue
beyondthiscircleinthehodograph.lMthephysicalplane,itis
hpossibleto continuetheflowinsidethesoniccircle.
Figwres2(a)and2(b)showthevortexbothfortheincompressible
flowandthecompressibleflowinthehodographandphysicalpknes.
Notethata vortexinthehodographbee”-sa vortexalsointheph~ical
plane. Bothvorticeshavethesamesense,andtheflownearthehodo-
graphorigincorrespondstothephysicalflowfarawayandviceversa.
Althoughtheincompressiblef owextendsto infi.nltyinboththehodo-
graphandphysitipkes, thecompressibleflowisrestrictedwithin
thecircleofulthatevelocity~ inthehodogmphpbne andoutside
theultimatevelocitycircleinthephysicalplane.Thisisdueto the
factthattheultimate-velocitycircleisa streamlinewhichistangent
to allthecharacteristicsandisthusthelimitingline.
tion
have
Thesesimpleflowsarewell-lamwn.Theygivea cleardemo@ra-
oftheprinciplesinvolved.
A cmibinationfhodographsourceandvortexattheoriginwill
thelimitinghe occurringona circleabouttheoriginwith
*
.
—.
.— ~—— .— ———-.
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radiusbetween
fullyexplored
thesonic
by Taylor
9
andultimateveiocity.Thiscasehasbeen”
(reference18). TheRinglebflow(reference12)
andthegeneralizedRinglebflowasgiveninthispaperaresomeexamples
of othertypesof singularitiesatthehodographorigin.It isinter-
estingto seethatthisgroupcanproducetransonicflows.
Thisisthesimplestinanalysisofthefourgroupsgiven,because
thecompressibilityeffecthasno influenceonthelocalcharacterof
thesin@arityattheorigin.
(2)Onesingularityy locatedatthehodographoriginandoneormore
locatedonthecircleofmaximumvelocitywhichisnotgreaterthan
sonicvelocity.
Flowsofthistypearethehpingingjetof subsonicvelocity
(reference19givestheincompressiblecase)andflowthroughan aper-
ture(references2 and6). liK@g@ jetscanbetreatedforthecom-
pressibleflowwithoutdifficulty.Thisgroupcanproducesubsonicor
atmostsonicflows.Thecompressibilityeffect~ distorthelocal
streamlinesoftheouterhodographsingularitiesfromthecorresponding
incompressibleones.
(3)Wo s~ities, onelocatedatthelowestspeed(ql> 0)
andtheotherlocatedatthehighestspeed(q2~ a)wheretheregionof
hodographflowislocatedinthea?umilarregionbetweenthesingularities.
Therearea numberof suchflowsforvariouscontractingchannels.
Oneexampleisdiscussedinthisreport.Thisgroupcanalsoproduce
onlysubsonicoratmostsonicflows.It isnottoodifficulttotreat
iftheincompressiblehodographflowcanbe expressedanalytically.At
bothsingularitiesthecompressibilityeffectwilJdistorthestream-
lineslocsUyfromtheIncompressiblef owpattern.
(4)Oneormorehodographsingularitiesalllocatedinsidetheflow
domainwithno streamlinetsmgento a characteristic.
HodographflowcorrespondingtoBorda’smouthpiece(theincompress-
iblecaseisgiveninreference19)maybe consideredas anexample.
Thehodographflowcorrespondingtothephysicalflowpasta circleis
anotherexsmplexcepthisrequiresa two-sheetedRiemannsurface
(reference5).
Theflowsofthistypearemuchmorecomplicated.Thecompressi-
bilityeffectwilldistorthestreamlinesintheneighborhoodfthe
singularityifnotattheorigin.Anslyticontinuationisalwaysneces-
sary.However,thisgroupcouldproducetransonicflowsabouta closed
body,ifnolimitinglineoccurs.
r
10
This
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classificationby nomeanscoversallthecompressibleflows
thatcanbetreatedby thehodographmethods,beingrestrictedto only
thosepotentialflowswhereChaplygin’smethodmaybe applied.There
aremanyothertypesof singularitiesincludingsomelocatedinthe
supersonicregionwhichextendtheflowfieldintothesupersonicrange,
butsuchcasesareoutofthescopeofthepresentreatment.
GENERALIZEDRINGGEBIIGOW
It isknownthata doubletattheoriginofthehodographplane
correspondsto an incompressiblef owturhingabouta semi-infinitethin
plateinthephysicalplane.In1940,Ringleb(reference12)wasthe
firstonetomodifysucha hodographdoubletwitha compressibility
effect.Hefoundthestreamlinesnearthetipoftheplatecouldbe
conformablymappedbackto thephysicalplaneonlysolongasthemaximum
flowvelocityq on,thestreamlineverreaches1.67timesthestagna-
tionsoundvelocityao(M= 2.5).Forhighervelocity,theJacobian
a(x,y)/a(q,8)ofthetransformationrelationbetweenthehodograph
planeandthephysicalplanebecomeszeroalonga curvedlineandthe
mappingisnolongerconformsl.At thislinethestreamlineswillform
cuspsanddoublebackonthmselves.Nophysicalflowcanbe attached
to suchstreamlines.Earlierthan1940,theClausers(reference20)
foundthisfeatureforcompressibleflowturningwithina concavecorner.
Theyfurtherdiscussthesingularbehaviorofthestreamlinesandshow
thatthelocusofthecuspsinthephysicalplanecorrespondstothe
locusofthepointsoftsmgencyofthestreamlinesandthecharacteristic
. curvesinthehodographplane.Theaccelerationisinfiniteatthecusps.
ThisflowleadstotheconceptsoftheforbiddenregionofVonKirm&n
(reference7) andtheI-imitinglinesofToldmien(reference16)and
Tsien(reference17). Furthermore,Ringlebwasthefirstto showthat
smoothtransonicflowwaspossibleina convergent-diverentnozzle
formedby thestreamlinesintheso-called“Ringlebflow.”
Figure3(a)showsthatincompressiblef owturninga convexcorner
ofangl.e2fi-a correspondsto a lemniscatefsndlywithinthetwo
straight-lineasymptoteswhichcontaintheangle a - m inthehodo-
graph.It iswell-knownthatthisincompressiblef owcanbe expressed
verysimplyanalyticallybothinthephysicalplaneandinthehodograph
plane.Atthesharpconvexcornerthelocalflowwillreachinfinite
velocitycorrespondingtotheassumedinfinitesoundvelocityofthe
incompressiblef uid.Thisflowcoversa semi-infiniteregioninthe
hodographboundedby theanglea - n. However,ifthecompressibility
ofthefluidisconsidered,thesoundvelocitybecomesfinite.The
possibleflowinthehodographplaneisconfinedtithina circleof
ultimatevelocity~ andtheanglea - m. Actually,theflowwilJ-
.
.
.
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breakdownsomewhatbeforethevelocityreaches~ owingto theexist-
enceofthelimitingline.
Asmentionedpreviously,fisftandDibblehavestudiedtheseflows
aroundconvexcorners,devotingparticularattentiontotheuseofa
600corner.Inthepresentpapera numberofadditionalexamplesare-
givenandsuchfeaturesasthelocationandshapeofthelimitinglines
arestudiedingreaterdetail.
Considertheincompressiblef owwhosecomplexpotentialisrepre-
sentedby theanalyticfunction
Wi =9 (n)
where wi=~i+i$i and .=rei@ asusuallydefined.Here @ is
restrictedto O < Q < 21-twhichmearisonly
z-planeisconsidered.Thestreamfunction
whichgives Vi =
sentsthecomplex
theflowturnsas
jri=IJ%nm@
O when ~= O and fi/m.
thefirstsheetofthe
thenis
(12)
Thusequation(n) repre-
potentislofa cornerflow. Introducetheanglewhich
U.?I
m
Thenit isapparenthatthecornerangleis 2YC-
theflowpassinga convexcornerwhichcorresponds
l>m~l/2.
Thecomplexvelocityis
(13)
a. Considernowonly
to fi<a$2fi or
~i= ~i,e-ie _ ‘Wi _ ~-l .~-lei(m-l)Qdz (14)
.—
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whichshows%-m as z+O and ~~ O as z~ w forcon-..
vexcorners.Conversely,- .
1().%=z r (15)
Thustheflowabouttheconvexcornercanbe representedinthehodo-
graphplaneas
m
The
The
corresponding
Wi =
streamfunction
()-I& ‘-13i-
inthehodographplaneis
m
streamlineVi= O correspondsto
inthehodographwhere 19= a - fi~a.
leavesof onebranchofthelemniscate
whichsretangentattheorigin.Note
(16)
(17)
m-l
theboundaryof a concavecorner
Thestreamlinescorrespondto
boundedby thatangle,allof
thattheflowinthephysical.
planeoccupiesa regionofangle u whiletheflowimthehodograph”
occupiesa regionofangle a - YC.
Thecornerflowhasonlyonesingularity,locatedatthehodograph
origin.Forthecase u = 31-r/2,thehodographsingularityisa quad-
ruple derivedfromtwosourcesona diagonslat450andtwoshlss
at -~o, Forflowturningarounda semi-infiniteflatplate a = 27r,
thereisa doubletattheorigin.Theseareexamplesofthefirstclass
ofhodographsingularities.
Now,foU.owingChalygin,introducethecompressibilityeffectinto
?thehodographeqyationequation(4)).Here n = fi/(n- a). Thesolu-
tion *n from.equation(7)gives
“#=& FtJb;c;f)
(18) ..
.
,,
.— —. —
.-
..
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where
Thehypergeom@ric
infiniteseries
13
Y(a+b =— .Yc-a P
():fifl Zfi-aah=- ——-a fl-al
_27r-a
c
Yf-a
() ~2functionF a,b;c;— canbe representedby the%2
Thisseriesbecomesfiniteif a or b Isa negativeinteger.This
factisutilizedforthepresentnumericalcalculations.
Thissolution,eq.u3tion(I-8),isconvergentforalJ-valuesof
Yt
~’c~ andpassescontinuouslyinto qfi+ as M ~0 asensuredby
Ieqpdion(10).btroduce T = qz ~z. Thenthiscanbewritten
3-C lJl() ——l(q) = &-T2 fi-aF(a,b;c;T)%
The soltiionof v(q,e)inequation(4)canbewrittenas
Yt
—lJ-c() ——~=Al*fiT2fi-a% F(a,b;c;T) sin~e
(20)
(21)
.—.———–—
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Imposingtheconditionthat $jVi inequation(17)as M +0, A
canbe determinedas
3-C
(22)
Thus
m lY(
.—()6Z72 x-a9=% ‘ F(a,b;c; T) sin ~ (3 (23)
whichsham thesamehodographsingularityattheoriginastheincom-
pressiblecase.
PhysicalCoordinates
As soonas v isWwn inthehodograph
X
m-a
plane,eachpointin
thehodographcsabetransformedbacktothephysicalplaneby the
fold.owingrelations:
!Nfi ’+’---lffia-fi
— Cos( )l--J&e
‘-’o=- “+ m-a +
2T1/2(1-T)~ 1-* -
( )cos l+~e
2#2(1 - T)p
2#2(1 - T)P 1 + -& ‘
Oandyowhere x sxeintegrationconstants.
(24)
—
— —-—---——
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r
Theabovetransformationrelationsareconformalaslongasthe
streamlineisnottangento a characteristic,wheretheJacobian
?3(x,y)/~(q,O)equalszero.Thelocusofthepointsoftangencyofthe
characteristicsandthestreeml.inesi calledthelimitinglineby
Tollmien(reference16)andTsien(reference17). Itspositioninthe
hodographplaneisgovernedby thefollowingequation:
$=’2TG==
Substittiing$ intoequation(17) resultsina
whichrepresentshelimitingline. Here
2(Y’(-cot(+ e)=* u)/ 1-T
V(’I3 +l)T -1
(25)
relationof 13and q
@(ajb;c;T) “ ~zg)
F(a,b;c;T)
@(a,b; C; T) = r(e) ~ r(a + k)i(b+ k)
[ * ‘I’k .r(a)r(b)k=or(c+ k)I’(k+ 1) 2(Yt- a)
L A (27)
Withthelmowledgeofthepositionofthelhitinglineinthe
hodographandtherespectivealuesof *(q,e) forpointsuponit,the
correspondingl~ting lineinthephysicalplanecanbe foundbymeans
ofequation(24).
ExamplesofGeneralizedRingle%I?1ow
Itmaybe of interestoboththetheoreticalndthepractical
aerodynamicistto showa fewconcretexamplesof compressibleflows
derivedfromtheincompressiblef owturningaroundconvexcornersof
differentangles.Compressibleflowsaboutcornersof46.8°,90°,132.9°,
and150.80areshown.Thisseeminglyarbitrarychoiceofanglesisdue
to thefact-that’thecorrespondinghypergeometricfunctionshavea
finitenumberoftermsin-theseriesexp-ion.
Compressibleflowturningabouta smoothcornerofa 9Q0angle.-
Figure3(a)showstheincompressiblef owabouta convexcornerof 90°
bothinthephysicalplsneandinthehodographplane. (ActusJlythe
— .—. ——
——
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physicalplanehasbeenm_tated~“ to emphasizethesymmetryofthe
flow”.) Thevelocityat B isMinite sothereisan infiniteregion
inthehodographplane.Thehodographstreamlinesareonebranchofa
.
familyoffour-leavedlemniscates,alltangentattheoriginwherethe
qmole singularityislocated.Itiseasyto seethatthephysical
flowatinfinitymapstotheneighborhoodfthehodographorigin~,~
wherethevelocityiszero.Figure3(b)showsthecorrespondingcom-
pressibleflowinboththephysicalandhodographplanes.Thisis 1
obtainedby Chaplygin’smethod;forexample,takea streamlineof incom-
pressibleflow,say V =.Cl,andchangethevelocitymagnitudefrom(:rto(:r’~’b’c’$)~tho”’c--th.
ofthevelocity.Thiscanbedonegraphicallyinthehodographplane.
A fewfeatureshouldbe noted.Thecompressibledomainisconfined
withina c~cleof.radius~. Thesoniccircledividesthehodograph
regionintotwoparts,thatis,subsonicQrellipticdomain(q<a) “
andsupersonicorhyperbolicdomain(q>a). Withinthesubsonic
domainthetwoplanesareconformalJyreh.ted.Forthesupersonic
domain,thetwoplanesarest~ conformablyrelatedupto thatstream-
C + whichistangento a characteristicat A. Theline,say $= o ,
correspondingphysicalstreamline(calledstreamlineb later)hasa
discontinuityinslopeat A. To e~ thisflowinmoredetail,
figureh(a)showsthatcompressibleflowis@ysicallypossiblefor
streamlineb andfordl streamlinesoutsideit. On streamlineb,
theslopeisdiscontinuousat A and C(q/ao= 1.12)whichcorresponds
to theinfiniteslopeof q or infiniteaccelerationatthesepointsas e
showninfigurek(b)andtothepointsoftangencyofthestreamlineto
a characteristicas showntifigure4(c). It isinterestingto find
thatthemaximumobtainablev locityforsmoothtransonicflowcanbe
foundat B where q/s.= 1.33 whichissmallerthanthatofRingleb
flow (q/a.= 1.67)whichisgiveninreference7. me limitinglines
areshowninboththephysicalandhodogz%phplanes.ThepointsA
and C arethecuspsofthelimitinglinesinthephysicalplanes.
Thestreamlinesinsideb doublebackfrmnthelimitingline,whichis
thelocusofthestreamlinecuqs. Thisdiscussionparallelsthework I
ofRingleb(referenceM) andVonK&r&n (reference7).
However,therearea numberof interestingewfeaturestobe
exploredforthiscase.First,infigure4(a)thesoniclineinthe
physicslplaneisslwaysperpendiculartotheconvexcornersymmetrically
at D and E. (Thedottedcornerepresentsheincompressibleound-
ary;thesolidlties,thecompressible.) Theloopofthesonicltieis
somewhatoftheshapeofonebranchofa lemniscate,incontrastwith
.
—.–. —-——-—— —
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thecircleintheRinglebcase.The
andterminatesat D and E. normal
limitinglineisalsosymmetrical
tothecorner.‘Thetwoinner
branchesAD and CE ofthelimitinglineliejustinsidethesonic
lhe inthephysicalplane.Inthehodographplane,theyare*O
normaltotheboundaryandtangentothesoniccircle.However,the
b streamlinewithmaximumvelocityq/s.= 1.33 beginstobe tangent
to characteristicsat A and C wherethisstreamlinehasinfinite
acceleration.AlthoughthelimitingllneiEa smoothsymmetricalcurve”
inthe.hodographplane,theJacobianb(x,y)[~(q,e)= O at A and C
andtheconformalmappingto thephysicalplanebreaksdown.Thelim-
itinglineinthephysical.planehascuspsat A and C. Nowthehodo-
grtiphregion,a quadrantofthecircleoftitimatevelocity,isdivided
intofourkindsofregionsby thelimltingline DACE endthestream-
line OABCO.(Seefig.4(c).) TheregionOABC representsa physical
fieldof smoothisentropicflowfreelyturningthecorner.Thepiece
offlowwithinODA isalsoisentropicphysicalflow,butthisflow
cannotcontinuebeyondthelimitinglinesAD or CE unlessfluidis
properlywithdrawnalongAD andinjectedalong CE. Forexample,in
figure4(a)streamlinec isfirstreflectedat an obliqueangleby
thebranchofthelimitingline AD. ThereflectedportioncorrespondE
to theportionofthestreamlinec beyondthelimitinglineinthe -
hodograph.Thenthelimitinglinereflectsc againat anotheroblique
angle.Thispofiionof c liesintheregionbetweenthelimitingline
andthestreamlineOABCO inthehodograph.5en thestreamlinec
proceeds,doublingbackatthelimitingltneandcrestinga synunetrical
patternwithrespectothecenterlineofthecorner.It isinteretiing
to seethattheentirehodographflowinthequadmntoftheultimate-
velocitycirclemapsintoa three-sheetedRiemannsurfaceinthephysical
plane.Ifa verticalcutoftheflowfieldthroughD end E ismade,
onecanimaginea threefoldsheetas showninfigure4(d). Thebranches
ofthelimitinglinecanbe visualizedasfoldinglinesoftheRiemann
surfaceandeachpointon c = bet~enbranchesofthelimiting
linehasa triple-valuedvelocityas showninfigurek(b). Thiscon-
ceptionmayhelpto explainthemathematicalnatureoftheflow.How-
ever,thesecondandthirdsheetsoftheRiemannsurfacehavenophysical.
reality,andonlythefirstsheetcorrespondstophysicallypossibleflow.
Finally,intheRinglebflow,thelimitinglineinthehodograph
ismonotonic,increasingincurvatureupto ~, andtangentoboththe
sonic circle (this can be extendedinfigure2= ofreference7) andto
thetithate-velocitycircle.Itresemblesa halfellipse.b thec~e
ofa 90°corner,thelimitingMe hastwopointsof inflectionslthough
stW tsmgentoboththesonicandtheultimate-velocitycircles.
Compressibleflowturnhgaboutotherangles.- Theflowturninga
90°-e -S described~ h orderto showitsphysicalandmathe-
maticalfeatures.Threemorecornerangles,bamely46.8°,132.9°,
_—-— —___
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~a 150.8°, have beencalculatedandareshowninfigures5 to 7. The
notationsareconsistentwiththecaseofthe90°corner.Theacute
angleof46.8°isbetweentheRin.glebcase(0°angle)andthe90°angle.
Notmanynewfeaturescmbe shownh figures5(a)to 5(e)excepthat
(/)qao- = 1.50 at B. A detailedstudyofthesefigurescanshow
.-.
manyfeaturesoftheRinglebcasewhich,unfortunately,hasnotbeen
my illustratedxceptinreference7. kid.entally,thecaseof
A
KkaftandDibblereference13)hasan acuteangleof 600whichlies
between0°and90 . Thevalueof q _ for-oth flw is~d(h)
to estimatefromtheircurves.However,itappearsto liebetweenthe
presentv-duesfor46.8°and90°.
Figures6(a)to 6(d)showscornerof132.90. Thiscaseshows
additionalinterestingfeatures.Forinstance,at F (fig.6(c))there
isa turningyointonthelimitinglineas itreflectsfromthestraight
boun&ryfnthehodogrqh.Forthisvalueof q/so,V = O andthus
thecirculararc @’ isalsopartofthecompressibleboundary.h
thephysicslplanethissectionoftheboundaryisa circulararcwhere
g/s. isconstant(1.00).Althoughtheboundingstreamlineappears
smooth,theenlargedviewinfigure6(d) showsthatitisnot. Forthe
lastsmoothstreamlineb, q/s. ispracticallyconstantalongthat
portionofthestreanilineABC whichisnearlya circulararc. The
legsofthisstresmlhearenearlystraightlinesforminganangle
of1390. Thevalueof q/s. at B isO.*.
Thelimitinglinewillforma loopatvelocitieshigherthan
(1)qao F
andistsmgentotheulthate-velocitycircle.Thusthelim-
it ing-line, thestremlineb, andtheconstant-velocityarc GF wiU
dividethesectoroftheulttite-velocitycircleintosixkindsof
regions.Thentheflowinthephysicalplanewillgivea five-sheeted
Riemannsurfaceratherthanthreeasbefore.
Theprojectionoftheextendedstraight-sidedboundariesintothe
fieldof~hysicalflowandtheadstenceofa roundedconstant-velocity
tipshowthiscaseisessentiallydflerentfromtheprecedingangles
wheretheflowiscloselyrelatedtotheRinglebflow. l
Figures7(a)and7(h) showtheflowabouta cornerangleof150.80.
Calculateddataareinsufficienttopredictheshapeofthesonicline
near D and E. Thisisthemostreasonableguessfortheshape.The
loopedshapeofthesoniclineisverylongandnarrow.Itisperpen-
diculartotheextendedboundariesofthecornerangleat D and E.
Theinnerbranchesofthelimitinglinecoincidewiththesonicline
nearthecorner.Therearemanyquestionsaboutthisflowwhichhave
I.
.4
.
.
.—— ———-—
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notbeensettledbytheauthors.Theseunsettledataarepublished
purelyforstimulationffutureinvestigation.
Ifthisafiarentpatternofthesonicloopisextendedtothecon-
vexcorner-e verynearbutem@J.erthan180°,itisexpe.bedthat
theloopwill’becomev rytall.andnarrow.Inthelimit 2fi- aA1800,
thesonicloopprobablyco~pses intoa singlestraightlineperpen-
dicukrtothewall,extendingto inftity.
Whenthecalculationwasundertaken,theauthorsanticipatedfi.nding
therelationofthecornerangleandmaximumq/s. inisentropicflow.
However,withthefewmgles studied, q o
(P)=
doesnotfollowany
simplecurve,whichisallthatcanbe concludedatthistime. It seems
significantthatthemsxhumvelocitypetitdoesnotshiftoffthe
cornercenterline,andtheflowremainsymmetrical.
It isapparenthateventhesimplecornerflowdeservesmore
extensivestudy.Itise~ectedthatthisshpleflowwillhelpin
understand&moreofcompressibleflowanditsnonlinearequations.
8
COMPRESSIBLEFLOWTHROUGHA ‘IWO-DIMENSIONAL
sYMMEmIcALcoNTRAmG cxANNEL
Theusualrequirementsforan incompressiblef owthrougha two-
Mmensionalcontract@channelarea low,uniformincomingflowvelocity
anda high,uniformoutgoingvelocityatthethroat.Utiormvelocity
at thethroatcannotbe achievedby hposingarbitraryouterboundaries
tothechannel.However,fortunately,inthehodographplane,onlya
sourceandsinkneedbe specifiedforsucha flow.As farasthecor-
respond@boundarystresmilinesareconcerned,thechoiceisleft
entirelytotheaerodynamicdesignerofthechannel;he isatliberty
to choosethosehodographboundarystreamlineswhichareeasyto e~ress
wicu= Thusthewholeclassof incompressiblechannelflowscan
be treatedfavorablyby thehoti~aphmethod.Alongthislineof
thought,Whitehead,Wu,andWaters(reference15)showthedetailsof
calculatingsucha symmetricalchanuelforincompressiblef ow.2 How-
ever,themethodcanbe appliedalsototheunsymmetricalchannel,if
someanalyticexpressioncanbe foundforthechannelboundaries.
21ncidentally,thepresentauthorshavefounda misstatementin
equation(9)inreference15. Thelasttwotermsof equation(9)do
notcsmcelas indicatedforthecase k = 2.
.— .—. —______ .
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Theaimofthepresentreportisto showtheextensionofthis
hodographmethodto calculatecompressibleflowsthroughsuchcontracting
chamnels.‘Thisisachievedby firstexpressingtheincompressiblecase
.
ina powerseriesof q andthenfindingthecorrespondingcompressible
flow.
IncompressibleF owthrougha Channel
Themostpracticalcaseto consideristheflowthrougha two-
dimensionalsymmetricalchannel.Forsimplicityinanalysis,takethe
ratioof incomingto outgoingvelocityas1:2fortheincompressible
flow. Sincetheflowissymmetricalwithrespectothehorizontal
axis,onlytheupperhalfofthechannelisconsidered.Thecorre-
spondingboundarystreamlineinthehodographistheverticalradius
andthe90°arcofa unitcirclewhosecenteristhesourcelocated
at ql. A sinkislocatedattheendofthisarc,namelyq2i= 2q1.
Theotherboundaryistheimagewithrespecto thehorizontalaxis.
Therearetwoadvantagesofthischoice.First,thewholeflowliesin
theannularegionbetweenthetwoarcsofradiusql and ~, sothat
oneseriescanrepresenttheentireflowwithouthecomplicationf
analyticontinuation.Second,theincompressiblef owcanbedescribed
ina simpleanalyticexpressioninthehodographplane.Eveninthis
simplecase,thecomputationisquiteinvolved.
Thereisan inherentdisadvantagewiththischoice;thatis,the
lengthofthechannelwillbe infinitelyong. Thepracticalapplica- ‘)
tionof sucha channelseemslost.However,ifa reasonableengineering
toleranceisadmittedtothevaluesoftheincomingandoutgoingveloc-
ities,say1 percent,the”chsmnellengthwillbe finite.Withtheknowl-
a
edgeofthiscase,a compressibleflowfora finite-lengthc annelcan
be constructedwiththetechniqueofanalyticontinuation.
Followingreference15,itisnotdtificultto showthatthenon-
dimensionalcomplexpotentialforthechannelincompressiblef owwith
!l.~=1 and %!i
! logeWi=fi
[
= : lo&
= Zql canbe expressedinthehodographplaneas
Ei-1
(%-1)2-1
(Qi-1 ) - lo% Qi - loge(1-9 -10ge”,-2] ,28)
.
_..
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where cl= ~e-ig ~ - ivi=U istheconjugatevelocityvector.Since
thecomplexpotentialissubjectotheindeterminacyofa constant,the
term loge(-2) canbeneglected.Thesecondexpressioniswrittento
showthatthehodographsourceisloge(~-’) andtwohodographsinks()<iare -loge~i and -loge1 - ~ . Allareofthesamestren@h. of
coursethereisanothersourceof equalstrengthlocatedat infinityso
thattheentireflowissteadyandinequilibrium.Equtioq(28)repre-
sentstheflowfieldcoveringtheentirehodographplane.However,if
thecondition.1< q <2 isimposed,equation(28)canbe expandedinto
—
a singlepowerseriesof qi.
4VI .-;
Consequently,
m l–-n-2-n–n
x( ; qi
n=l %)
If ~ isexpressedexplicitlytitermsof ~ and e,
4mlWi .-= x(
-neine
~ qi -n .n-inf3-2qie )n.1
(29)
(30)
Compressible?lowthrougha Channel
NOWthecompressibilityeffectcanbe considered.Chaplygin’s
procedureshowsthat.,foreachvalueof n,theincompressiblevelocity
% ‘n inthestreamfunction.willchangeto a newvelocitymagnitude$:n(T)/v*n(~l)whiletheangularitye remainsthesame.3Being
linearinthehodographplane,allthesolutionsaresuperposable.Thus
thenondimensionalstreamfunctionis
$-c=- kfk
[
I&(T) + 2-n~n(T)
1
sinne
X n=ln *-n(Tl) ‘n(Tl)
(31)
%f q~z= 1“ ischosen,
~.n(T)/$*n(T2)shouldbe usedto repbce
V*n(T)/~*n(’l)- ‘1 shouldbe replacedeverywhereinthelater
expressions..
.
— —— .— ..—— .
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Of course,theabove $C canbe consideredastheim@narY pa of
the“complexfunction
‘c ‘-
buttherealpart
as h thecaseof
(32)
c isnolongerof w
incompressiblef ow.
a solutionofthepotential#c
ItiSwe~-tiowthat #c
and Vc arenotconjugatefunctionsh compressibleflow. Itshould
be remrkedthanan infinitenuniberof channelshapesof compressible
flowcan”beconstructedfromthesameincompressiblef owbychoosing
*n
somefunctionf2n(T1)to replace$fi(Tl)sothat ‘+J(T1)+ql
as M~O.
As shownin
+ iYn to
z=
PhysicslCoordinates
references4 and14,introducethephysicalcoordinate
correspondto eacheigenvsluen. Then
coz
n=l
be shownthat
=~+iYn
(% )- Zon (Zen’s are constants) (33)
for nil
e(l+n) ie
[ 1
n ‘J-n(T)+ “1-n’(T) -
(1+ n)$-n(Tl)- ;
[
z-~-(1-n)ie~
(1- n)*n(T~)2 1}
‘!n(T)+T$n’(T)
>
(34)
.
.
.
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where
.
,,
rl-
1
[
~1
II
- +{1 + ~T) efie +
ml(q) ‘+l(l-T)P ‘+1
b+-l10&(Te-2
&[’2 2P(3P+ 2)X ‘@l)(P + 1) 1K1(T1)(P+)g(T) - 213%l(T ) logeT
(35)
—. .—. .—___
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L
.4
H 1T 1-(2j3+1)T-1~g(T) = A20 (1 - T)~+l ~ T
Valuesofthefunctiong(T) areshownintable5 ofreference14.
NumericalCalculationfCompressibleChannelFlow
A numericslcalculationfortheaboveanslysiswasmadeforthe
case T1= o.o2(Ml= 0.320, ql = 354.0ft/see,and a.. 1117.4ft/see).
Forcomparison,theincompressiblechannelflowwiththesameinlet
velocitywasalsomade. Thehodographboundaryandthechannelgeometry
forbothflowsareshowninfigures8(a)and8(b).Forbothcases,the
hodographsourceislocatedat A (ql= 354..0ft/sec). Theincompress-
ibleho.dographsinkis (Bi ~i = 2q )1“ Thestre~ineboundary~ = 2
ischosenforboththecompressibleandincompressiblecases.Note
that,forthesame qlj q2c ismuchlargerthan 2q1. (Infact,
M2 = 0.787and q2c= 825ft/sec.)A fewpointsinfigures8(a)
and8(b}needsomeclarification.Farupstream,bothchannelshavethe
SSJIEwidth4, and Vi= Yc= 2 ontheupperboundariesbecauseboth
chsmnelshaveidentical.inletconditions.Thepointsof inflectionf
theincompressibleandcompressiblechannelboundaryare Ii and Ic,
respectively.As expectedfromthecompressibilityeffect,thecompress-
ibleflowchanneliswiderthantheincompressibleone. However,if
outletcon~itionsofbothchannelswerematched(%C = %)) the~cc’m-
pressiblechsmnelwouldbewiderthanthecompressibleone.’
.
Theconvergenceoftheseriesolutionin Vc,isextremelyslow.
It is&b?ficultto obtaina reasomiblygoodsumationwith n up to 15
as giveninreference9,particularlywhenthevelocityphaseangleis
verysmaU andtheMachnumberisnearlysonic.Shanks’method
—
——_-.—
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(reference10)makespossiblea
withsofewterms.Ithadbeen
closerappm-tion
plannedto calculate
25
tothevalueofvc
thecompressible
channelflowwithsonicthroatvelocity.However,owingto theinsuffi-
cientdata in thetableandslowconvergenceoftheseries,thisproject
wasnotcarriedthroughalthoughtheauthorsfullyrealizetheengi-
neeringhnportanceofa contract,=channelwithsonicthroat.The
examplegivenshowsitispossibleto obtainan exactsolutionforcom-
pressiblechannelflowandthatthismethodcanbe appliedto thesonic
casewhensufficientdataareavailable.
Figure9 showsthevarioustreamlinesinthe T&plane. The
maximum T atthethroatis O.11(M= 0.787). Owingtotheslowcon-
vergenceoftheinfiniteseriesof *C, -rH atthechannelthroatis
onlyreasonablycorrectandmaybe subjecto a smallerror.ItiS
noticedthatthemcdnmmvelocityangle 19ofeachstreamlineoccurs
nearlyatthesamevalue,T = 0.042,wherethepo~s of inflection
arelocated.
Figures10(a)and10(b)showthepositionoftheboundarystream-
linesofboththecompressibleandincompressiblecasesexpressedin
termsof x = x(T) ~ y = y(T). Inthecompressiblecase,T = %2/%2
isalreadydefined.Fortheincompressiblecase, T is directly pro-
portionaltothesquareoftheincompressiblef owvelocitywherethe
constantofproportionalitystakenas 1= — sothat
(7-;)ao2 %2
T = q2/~2. Then T isa goodmeasureofrelativevelocitymagnitudes
inthecompressibleandtiompressibleflows.It isdifficultto calcu-
lateboth x(T) and y(T) h thecompressibleflow. Thedashedline
of Wc meansthebestapproximateionsofar. Similarlythex-coordinates
ofthecenterstresnlines~i= O and vc=O asa functionofT are
also plottedinfigure11. Withthedata&Longthestreadines
Vc= 0, 1, and 2 theapproximatecontourlinesofconstantvelocity
forthecompressibleflowchannelnearthepointof inflection1= can
be shown(fig.12). To comparedetailsofthechannelwall,theboundary
lineoftheincompressiblef owistranslatedsothatitspointof inflec-
tion Ii coticideswith 1= (fig.13). Itshowsthatthechannelarea
ofthecompressiblecasedecreasesslowerwith x thantheincompress-
ibleoneintheneighborhoodfthepointof inflection.
TheJohnEHopkinsUniversity
Balttiore,M?.,-Y 28,1952
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APPENDIXA
EXTENSIONOFHUCKEL‘S TABLESFOR
Forthecontractingchannel,thewhole
NACATN2885
SUBSONICRANGE
flowregioncoversonlya
smaIL rangeof T. _ valuesoftheChaplyginffictionfor T ‘titer-
mediatetotheargumentsgiveninHuckel’stables(reference9)are
neededto determinetheflowfieldaccurately.Inorderto avoidinter-
polatingeverythe, eachsubsonicsectionofthetableswasinterpolated
as a unitsotheChaplyginfunctionscanbe readdirectlyasneeded.
Thesevaluesaregivenintables1 to 4. Theaccuracyofthevalues
shouldbe atworstonlyoneplacelessthanthefiguresintheoriginal
tables.
As hasbeennotedintheerrata,theheadingsdyk/d7 /and ti-kdT
fortables3 sad4 ofHuckel’sreportareinerror.To obtainthe
actualderivative,achtabulatedvalueshouldbemultipliedby -k~/2.
Thevaluesherelistedintable3 andtable~ arethederivativesand
aredenotedyk’(~)-d y-k’(~)topreventconfusionwiththeheadings
intheoriginaltables.Otherwisethearrangementandnotationcorre-
spondexactlytoHuckel’stables.
\
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APPENDIXB
SYMBOLS
a
a.
a
b
c
k
In
n
P
P.
~
~i
%
Qi
soundvelocity(g=@)
stagnationsoundvelocity(~=-)
typicalsmoothstreamline
streamlineof smoothisentropicflowwithmaximum
velocity
typicalstreamlinethatdoublesbackatlimiting
lines
indexnumberforsmmnation
indexpower
eigenvalue
localpressure
stagnationpressure
velocitymagnitude
velocitymagnitudeof
velocitymagnitudeof
incompressiblef ow
compressibleflow
incompressibleconjugatevelocityvector(dwi—-. uidz )- ivi
ultimatevelocity
~Jz)
inletvelocity
27.
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%
~2i
q2c
U,v
‘iJvi
Wi
‘c
z
A,C
B
D,E
F,G
F(a,b;c;:)
Ii
Ic
M
R
throatvelocity
incompressiblethroatvelocity
compressiblethroatvelocity
velocitycomponents
incompressiblevelocitycomponents
complexpotential
.
complexvariablefunction,theimagimrypartof
whichisthebtreamfunction
rectangularcoordinates
complex variable()reie
locationsof cuspsoflimiting’line
locationofmaximumvelocityinsmoothisentropic
flow
terminationf sonicllne
convexcorner
intersectionsof limiting
hypergeometricfunction
and Mmiting lineat
linewithconvexcorner
pointof inflection
pressibleflow
pointof Mlection
pressibleflow
Machnuniber
molargasconstant
of channelboundaryforincom-
ofchannelboundaryforcom-
W!
e,
.
.
.
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T
To
z
a
27(.U
7
e
ei
ec
P
PO
~2
T 2 ‘~2=— =— —
%12 7-1’02
temperature
stagnationtemperature
physicalcoordinatecorrespondingto eacheigen-
value n
physicalcoordinatescorrespondingto a hodograph
point
anglecoveredby flow
angleofconvex’corner
specificheatratio;forair 7 = 1.4
velocityphaseangle
phaseangleof incompressiblevelocity
phaseangleof compressiblev locity
locsldensity
stagnationdenqity
potentialinincompressiblef ow
potentialincompressibleflow
streamfunction
incompressiblestreamfunction
——.-.-—____
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compressiblestreamfunction
$a(d = q~(~,bn;Cn;T)
63 phase@e of complexvsriable
1
I
.—
—.
“’
.
NA.CATN 2885 3J-
Im?ERENcFs
1.Molenbroek,P.: her einigeBewegungeneinesGasesmitAnnahme
einesCeschwindigkeitspotentials.ArchivMath.undPhys.jBd.2,
‘Heft9, 1890,p. 157.
2.Chaplygin,S.A.: OnGasJets. Sci.Ann.Imperial
Physico-MathematicalDiv.,No.21,Moscow,1904.
trandationasNACATM1063.)
Univ.Moscow,
(Availablein
3. Tsien,Hsue-Shen,and.Kuo,Yung-Huai:Two-DimensionalIrrotational
MixedSubsonicandSupersonicFlowofa CompressibleFluidand
theUpperCriticslMachNumiber.NACATN 995,1946.
4. Lighthill,M. J.: TheHodograph‘l?ransfomnationinTran-SonicFlow.
PartsI-III.Proc.Roy.Sot.(London),ser.A,vol.191,no.1026,
1947,pp.323-369.
5.Cherry,T.M.: Flowofa CompressibleFluidabouta Cylinder.
PartI. Proc.Roy.Sot.(London),ser.A,vol.19Z,no.1028,
Dec. 23, 1947,pp. 45-79;PartII. FlowwithCirculation.Proc.
Roy.Sot.(London),ser.A,vol.196,no.1044,Feb.22,1949,
pp.1-31.
6.Chang,Chieh-Chien:GeneralConsiderationofProblemsinCompress-
ibleFlowUsingtheHodographMethod.NACATN 2582,1952.
7.Vonl&rm&n,Th.: CompressibilityEffectsinAerodynamics.Jour.
Aero.Sci.,vol.8, no.9,July1941,pp.337-356.,
8.Guderley,K.Gottfried,andYoshihsra,Hideo:TheFlowovera
WedgeProfileatMachNumberOne. Tech.Rep.No.5783,A*
MaterielConmand,ArmyAirForces,July1949.
9.Huckel,Vera:TablesofHypergeometricFunctionsforUsein
Compressible-FlowTheory.NACATN1716,194-8.
10.Shanks,Daniel:AnAnalogybetweenTransientsandMathematical
SequencesandSomeNonlinesrSequence-to-SequenceTransforms
Suggestedby It. PartI. MeMo.9994,NavalOral.Lab.,July26,
1949.
11.Cherry,T.M.: UniformAsymptoticFormulaeforFunctionswith
TransitionPoints.Trans.Am.Math.Sot.,vol.68,no.2,March
1950,pp.224-257.
_ . ——— .——
32 NACATN 2885
12..Ringleb,Friedrich:ExaMeL&wngenderDifferential-gleichungen
eineradiabatischenGasstr&ung.Z.a.M.M.,Bd.20,Heft4,Aug.
1940,pp. 185-1X. (AvailableasR.T.P.‘l?ranslationNo.1609,
BritishMinistryofAircraftProduction.)
13.I&aft,Hans,andDibble,CharlesG.: SomeTwo-DimensionalAdiabatic
Compressible*FlowPatterns.Jour.Aero.Sci.,vol.11,no.4,
oct.@-4, Pp.283-298.
14.Garrick,I.E.,and~phj Carl: OntheFlowofa Compressible
FluidbytheHodographMethod.II - FundamentalSetofParticular
FlowSolutionsoftheChaplyginDifferentialEquation.NACA
Rep.790,194-4.
15.Whitehead,L. G.,Wu,L.Y.,andWaters,M. H.L.: Contracting
DuctsofFiniteLength.Aero.Qua&.,vol.2,pt.4,Feb.1951,
pp.254-271.
16. Tollmien,W.: L3mitLinesinAdiabaticPotentialFlows.R.T.P.
TranslationNo.161o,BritishMinistryofAircraftProduction.
(FromZ.a.M.M.,Bd.21,Heft3,June1941,pp.140-152.)
17. Tsien,Hsue-shen:The“LimitingLine”inMixedSubsonicandSuper-
sonicFlowofCompressibleFluids.NACATN961,1944.
18. Taylor,G. I.: RecentWorkontheFlowof CompressibleFluids.
Jour.LondonMath.Sot.,VO1. 5,1930,PP. 224-240.
19.Mihe-Thomson,L.M.: TheoreticalHydrodynamics.Seco~cd.,The
Macmillanco.,1950.
.,
20. Clauser,M. U.,andClauser,F. H.: NewMethodof Solvingthe
Eq%ationsfortheFlowofCompressibleFluids.DoctorateThesis,
C.I.T.,1937.
.
.
,
,’
1
,
I
I
1
.
.—
.
iN NACATN 2885
T?ABC?1.-yk(T) FORVARICW9VALUE%OF k
33
T
0.02
.022
.02A
.026
.02a
.03
.03
.034
.036
.038
.04
.042
.044
.046
.048
.C6
.052
:%
.C&9
.0S
:%
Sk%
.Qs9
.07
.072
.qb
.q6
.078
.08
.082
.@34
.085
.LM8
.W
.W
.Q%
J?%
.@
.10
.I.a2
:%
.109
.ll
.IM
.IL4
.U6
.rl.8
.12
.Iz2
.IiA
:s
.13
.132
.1*
.1*
.1*
.14
.142
.144
.146
.148
.I.s
.I.62
.I.64
:s
.I.6
.I.62
.s
.s
,
O.gps.m
.g-(036
.%792
.%549
.*N
:%
.S=81
.9340
:=
:94619
.*W
.9QW
.93W
.93=9
.9349
.%95
.%%9
.92723
.*
:g%J
.-
.9VZZ
.W9
.S@a
.9=7
.%5%
.-
.89934
.85707
.89479
.@251
.89323
.m*
.tw+sg
.89343
.eJ3117
mm
.8767
.87443
.m9
.@%
.86773
.W51
.E@2g
.Eaq
.Wa6
.8s%5
.85445
.85226
.-
.lM789
.EwJ.
.84353
.fYm36
.83919
.83703
.83b87
.83272
.83w
.82843
:~
.&a)3
.81W
.m779
.8M6T
:=
.80935
~z
-
O.gmq
.W
.*I.26
.93W
.mn
.*95
.5Q221.
.g1749
.9W9
:%
.89$19
=5=
.w+g3
.e&39
.m=
.6V27
.%574
.85223
.=?73
.8532s
.W8
.84433
.835@
.83EJ19
.83w
.E2@l
.82234
.817B
.&365
;=
.&Kt76
.79549
.79-a
.789W
.78378
.-ma
.77539
ml=
.7671xi
.76292
.7s880
.75469
.750%
.7b652
.74246
.73J3J+1
.73438
.73031
.72637
.7’2238
.W1
.m46
.m53
.7cfA.l
.70270
.69W
.6SW3
.6%07
.E.5-@
.68339
.67950
.67578
.67200
.6-s23
.66447
.m3
Xqol
.6533
.64952
.6=94
.64227
‘3
o.$R-PJ
.Wm
.9W
:=
-W@
f%%
.6-7143
.85465
.=7W
.85M2
.84456
.83791
.83u6
.82481
.m830
.im83
.80539
.7%%?3
.7*
.K@9
.W
.77375
.76753
.7613s
.~o
mn
.7*
.73W3
.=
.-/lwl
.7KU7
.7WQ
.701k9
.69570
.E@g4
:%
.67285
.6672A
.fxl.65
.@’@
:=
.63953
.634a
.&e&?
.62346
.61813
.6W33
.60N7
.6023s
.Wm
.59ml
.=$99
.53180
.57674
.57170
.E&54a
.%170
.s676
.551.e5
;%
.53734
.532s
S2m
.5Z3G9
Sl@3
.51372
.=9J9
.s3449
T4
0.9315$1
.89$4S
.ea530
.876zI
.85-(X3
.85922
-w
.84053
.8379
.82U
.&14.49
.e05g4
.7974-6
.7W5
.7W2
.i72i.S
.76424
.7=-9
.74@J1
.74UW
.73205
.72416
.7@+
.7c&?l
.7@a
:%
.678w
.67q2
.65333
.6%-W
.646-73
.64J.52
.63437
AZV6277.9
.6.U3
.6J%kJJ
=%@+
.55274
.s!mo
.Wm
.qqo
.5%13
.=*
S5ti
.54676
.54041
.53W
..=789
.52171
.a.559
.-
.53*9
.4g52
.4g6JJ
.4=13
.47931
.47n5
.4684s
Mm
.*2O
.45164
.u613
.4hc67
.43526
:%$
.41933
.4UL2
AC@
.40384
.3%77
.39375
..
‘5
o.e80g3
.85*
.859-S3
.&i745
.83&a
.82569
.mk&
.80435
.79385
.78345
.773M
.762%i5?5
.73*
.72326
.n3a
.704C0
.69452
.6W5
.67s%3
.E%&l
.6s763
.64864
.6394
.63c94
.62223
.6~H2
.-
.*7
SW*
.bsolo.ms
.26389
.5s599
.547*
.S4016
.532k3
.*9
.%724
.5W79
.s0241
.4g510
.Mm31
.45073
.47367.W
.4s979
.4s297
.44622
.43955
:%
:%%
Acm$
-39495
.%
.m
.3--6%
.m
SW
.3%=
.3539
.3M32
.34289
.3735
.33M
.3X-54
.*38
.31619
.UC6
-3WB
Y6
0.83708
:%
.Tmo
.77833
.7@6
.m
.7*7
.7=94
.70!%2
.69=
.@5g
.67ci35
.65832
:%$
.62M7
.151w
.59349
.5qc6
.m
.56474
.55*
.E4m
.532%
:%R
.5mg2.
.45m3
.48226
.47269
.46325
.4s397
.44484
.43936
.W@
.41.836
:%
.3%@
.38533
.3-l-@
.3@9
.3Q47‘
.353-M
.34641
.33937
.3Y.85
.32477
.31781
.3097
.W
.29764
.2-m4
.21M76
.mw
-mm
.2(%28
.26034
.Sm
.246-79
.2%17
.2376’s
.23222
:*
.216s2
.21m9
.ZYx24
.*
.1*
.lgaa
.Wo
J&20
7
Y8
O.u
.7923”
.78278
.7&-51
.75072
-7Y5n
.7w17
.7C+70
.W
:=
:%%
.61@
.64%34
.Sgja
.mY+z
X&85
:Wfl
.53238
.qAs7
.5a317
.W89
MS-9
.47492
.46424
.45376
.44348
.43340
.423s2
.41393
.4043
.3SW3
.*
.37679
.35795
%%
.34=3
.33439
.-1
.m@
am
.30337
.25i59
.2&5-75
.2J3M7
.27473
.26793
.26~
.2s475
.248s
.2421.O
.23556
.22*
.m
.aay
.21Z67
:%%
.1*
.lg131.
.I.8525
.18129
.17q4
.17170
.I.67C6
.I.6252
.15m9
.1535
.*
.145*
.14130
v
—— ..— _
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TABLE1.-Yk(T)W VARI~VAIJJE3OF k-CmMu&d
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.
T
‘9 % % %.2 %3 Ylh %
0.02 0.79537 0.W30 O.nsn o.@66 O.w @m3 0.68226
.022 .77704 .75s49
-m
.73447 .-/l& -w .67w . .65627
.7*
:% -.-m-n -69203
.6Tu4 .65076 .53X8
.-WL42 .TL709 .6+7346 .6w50 .6M%3 .62727
.02a
.W6g
.-MU :%9 .67369 .64975 .62675 .@m .E-!33G9
.03 .7m6 AYE-El .629b7 .60551
-w
.58246 .%029
.03 .E42A9 .635S .@rT6 .S34g .56113
.034 .67425 .61722
.53829
.554* .SAa51
.0s -6=9 :%%
.=709
-w %J .54ss2 .520s0 ::%
.038 .64266 .6)x% .5Q5
.04 .62736 :=
.50139
-g5g .Ssscr2 -5*9
.042 .61237
Jam .49323
.54853 .51g34 .49r29 .46493
.CA4
.44001
.5976!3 .S411 .53245 .Sa@ .47424 .44755
.046
.42239
“:&m -w .5L675 .48520
.Ck8
.4.5768 .43072 .40537
.5*U3 .sJ141 .47@t9 .44161 .41444
.Ca -m .s972 .48642 .45s23 .42604
.-
.a52 .5Q74 .s3%0 .w@3 .44040
.393n
.Uql-( .3-W3
.054 .52847 .491R2
.383=2
.45764
.3=787
.05s .51548 .47837 .J+=99.44385 .39539 .-
.3W7
.41199
.@ .46524 -w
.iww
.m Jg4g .3X37 -X=9
.9933
.Cls .49334 .45244
.3M.02
-m=
.Ww
.@2 .478Mi .4= .3=34.4047’8
.3z-7& .30244
.- .4&23 -mn
.34249
.42774 -m .am
.45454
.39242 -w .33003
.41590
-*35 .34774
.30z-76 .m-rb
:% -3795 .2999.44=
.266-04
.4cA13
.431.89 -3-
.3a@ .27$41 .254n
.07 .39272 :%%! .3246-6 .2.s=5 ..26834
.@w3
.24*
.07’2 -* .34591 -?3-s
.cq4 .WJ20
.2s@ .233in
.37074 .3H
.q6 .-7
-Mm :% .24734 =w
-39970 -32453 .29252 .23740
.078 .3*
.21384
-*W .31431 .28241 .25366 -22782
.0s
.=W
.3$)41 .3s -30439 -m .aArz .21w
.W -m
.19574
.3* .29472 J@Kg .23M9 .2m
.094 .3=?39 awl
.Mf121
.095
.25W
:s
==@ .2cm3
.*
.178s
.276u .24494 .21733 .l$ra-s
.0s9
.lpc!a
.*M .- .26721 .2s30 .20$00 .M-487 J@@
.W .3338 -w .2s52 -2279 .2mg3 .17719 .IS20
-w .323= .224.48 .25a19 .21$F35
.@
.19323 J.6979 .14920
.31493 .27603 .241.M .2U99 J3573 .US?67 .14247
.* .* .26@3 .23392 .20436 .m48 .I.S92
.W3 .aw
.1*
.25919 .2262U .W% .17-0s .M21
.10
.12993
.2932 .25201 .m .18978 .14284
.102 .28247
.IJ?391.
.24442 .2rL43 .M2i33
.KJ4
:%% .1367’1
.2-pExI .23701 .20435 .17610 .Eln
.26730
.13c81 :Z5
.22g7’8 .lg46 .16g59 .14.%9 .12w
:%
.lqso
.=s97 .=273 .v376 J.&l .13992 .ILgo .1o248
.ll .252& .21.S5 .laas .15725 .13419 .mo+g .09767
.I12 .245& .W .17-I* .E@ .=4 -m
.I14 .23895 .20263
.Q3w
.rn83 J&8 .12347 .10445
.13.6
.09855
.23228 .1*29 .16s39 .WCU6 .IM!a .m
.U.8
.W41
.22s76 .19314 .16013 .13482 .rL347 .@52 .08’335
L? .2J940 .18417 .E45s := .l@4 .W9
.lzz
.07646
.21319 .17835 .14913 .104M .Cb9@I
.124 .Z.wl12
.07273
.17267 .14357 .U* .W9 .CS307 .@m
.3.26 .20n9 .16j13 .13676 .IJSL6 -e= .07%7 :~~
.I.2E .1$54.0 .1617k J3m .Ill%6
-m
.09149 .m3
.13 .15549 .12$m .10s31 .09759 .0721.k .05*1
.13 .I.e42k .15139 .U436 .102U .@83 J=-79 .(E-#is
.13k .17es5 .14643 .n$f!s .* .W20 .@-m .c5361
.136 .17* .14J61 .13.a8 .-3 .q670 .c@t7 .CELl%
.1* X2349 .ly5$G .IJ12k .WW .07333 .- .C4827
.14 .16349 -J-3@ .107I4 .09%7 .qaxl .0.%s5 .04w8
.142 .I.s%l -W* .103I7 .W!13
.I.4h
-w .0s392 .CJ@io
.3.5* .~x .Cfwv .* .05131. .c4113
.M6 .145zl .U94.9 := .qaj .CaC.9 .Wal .oy3n
.148 .W .IKA.l .09m -W@ SE&2 .04642
.I.5
.03692
-w .llM6 .CfL%g .qo21 .05557 .04413 .o*gl
.I.52 .l@YJ .lm2 .@’ml .@’26 .C@.2 .04194
.154
.033D
.lg& .103E9 .09184 .Q5441 .0s%7 .O*
J.%
.0333
WI: .lCiw .m7 .m .04@ .03783 .W63
.0j676 .qti
.16
--
.Owxi .os91 .Oaol
.ll~
-m .- .C5547 .Cw8 .03407
.I.62 J’lJ$&J
.02645
$5&O’& .c@78 .C6402 .04180 .Oyyi
.164
.02497
.C@O1 .05166 .03@3 .03fx3
a%
.023sl
.10s%2 .c@71 .c#33 .04938 .03-709 .0293 .022?4
.
.,
“’
-:
I
.
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TABI.2.- Y-k(T) FORVARlW8VAUIBC@ k
T
0.02
.022
:%2
.028
.03
.O=
.034
.0%
.038
.04
.042
.044
.(M6
.048
.0s
.052
.054
.6
.059
.M
.Cbs2
.C%4
.&
.0s9
.W
.m
.q4
.q6
.078
.M
.Ca2
.C@l
A%
.099
.09
Jw
.@
.;%
.102
.104
.I.os
.108
.ll
.IJ.2
.IJA
.I16
.IJa
.12
.Iz2
.IiA
.U?6
.Iz8
.13
.132
.134
.136
.138
.14
.142
.144
.146
.148
.15
.I.52
:2
.I.!m
.16
.162
.164
.164
=-1
1.024%
1.02674
1.029J9
1.03144
1.033’8
l.ojsu
1.03U3
1.04074
1.04303
1.04530
U3vps
1.CL4w
l.c&m?
1.c&i25
1.05s47
1.05959
l.c&@
l.c@q
1.0652A
1.0s740
1.c@4
1.07167
l.qgg
l.q~
l.qml
l.owl
1.cu1219
1.G9426
1.0%32
1.CB!337
1.qm40
1.09242
1.05443
1.09543
1.@42
l.lcn+l
1.la238
1.10434
1.1M29
1.lf#23
1.11o15
1.I12d
1.U395
1.l15&i
1.nnk
1.11562
l.lilb
1.IZ33?
1.I.2.518
1.lqol
1.Ma3
1.W
1.QZ44
1.13423
1.l@31
1.13778
1.13954
1.lm29
1.14303
1J5576
1.14648
1.14819
1.149s9
1.15Ea
1.15*
::%
1.3.5824
1.1.F@13
l.lam
1.16313
1.16474
1.lc%3k
1.I.6793
=-2
l.ck%$a
1.679
Lq48g
l.oel$k
1.@3u
1.09533
1.I.0362
l.uqll
1.U.W1
::37l.lklq
l.lwfo
1.L%*
1.16402
l.lnn
1.17943
1.16717
1.19493
1.2G270
1.21049
1.2M329
::*
1.24161
1.24935
1.2sfck9
1.26480
1.=
1.2&n3
l.~~
1.*
1.30323
L-
1.318n
1.=
1.33335
1.34ml
1.34822
l.-
1.*%l.mozo
1.37743
1.M
1.~74
1.39382
1.4ca5
1.41Z82
1.4J973
1.42659
1.433361.W
1.44674
1.45*
l.K@a
1.4&g
1.47279
1.47914
1.48541
1.4g59
1.49769
1.50373
l.~o
1.51.5&l
1.s2148
1.52-p8
L5y85
1.53844
1.5439S
;.$549:
1:*3
1.%523
1.qo34
‘-3
1.c5px3
1.cq35
1.lq~
1.IM52
l.lyxz
1.14M4
1.15338
1.I.6554
1.17803
1.1-
1.2CMWJ
1.21746
1.2g23
1.24531
1.-
1.27443
1.28*
L3047-7
1.3213E
1.33628
1.35248
1.*1.38ql
1.4JW4
1.4ZC04
1.437&J
l.#1
1.47346
l.!+ll~
1.53.028
1.52~3
:.~~
1:5%53
l.wlo
1.62s39
1.64s32
1.6@2
1.E-9Q8
L7C%60
1.7q16
1.74785
1.76a%
1.78959lam1.8m1.85*1.67438
1.e~
1.91721.
1.W
1-*
1.@82
2.W342
2.02Sd
2.04673
2.IX%39
2.09xe
2.U162
2.13319
2.15471
2.~76M
2.lga
2.2X356
2.24027
2.26151
2.28264
2.3365
2-W
2.34534
2-W
2.3%54
2.4a592
z.4aL4
1.IJ41
1.I.25S3
1.l@55
1.15265
1.*
1.18160
1.19s77
l.zlal
1.22852
l.mo
1.26215
1.z7979
1.2@94
1.W%J
1.33634
L3%39
l.~ti
1.3*35
1.4ZQ28
1.4k2%
1.4W.2
1.45=X6
1.5M68
L53559
ls%q
1.59265
1.62003
1.64813
L676s6
1.7ciA9
1.73675
1.76772
1.75940
1.8gm
L85W
l.-1.933JI
L$W3Z7
2.00413
2.c&58
2.0775Q
2.u.s76
2.124i%
2.1*
2.233M
2.273s9
2.31457
2.3=3-2
2.35s23
2.-
2.4841.5
2.=788
2.mw
2.61677
2.al~
2.7q%
2.75358
2.75597
2.!?4672
2.89383
2.*3O
2.939353.03C6
3.cf1529
3.m753.18a3
3.2325
3.2ea19
3-32925
3.37842
3.42769
3.4776
3.22635
3.s7553
=4
1.14016
1.15593
1.17243
1.lf1936
1.20%3
1.2248s
1.24342
1.26255
1.2E224
1.3@i9
1.32332
l.y$ly
1.35728
1.39249
l.wi%
1.43954
1.4.6sil
1.49-21E
Lag%
1.5W2
1.577891.6W9
1.@=-7
1.67325
1.7q45
L74293
Ln959
1.81753
1.8%n
1.89T16
1.93wa
1.9s2.03
2.026s4
2.qq3
2.IZ03J.
z.-2.2zm2
2.272x3
2.3=74
2.3J3Q55
2.43746
2.4X
2.55547
2.6@13
2.67
2.74EI2.81@
2.67677
2.*3.ol~
3.m453.l&A2
3.2M5z
3-3795
3.3%=
3.47657
3S93W
3.60479
3.%0?2
3. 43
3.89726
3.5@=fJ
4.07448
4.IJW5
4.25639
4.34N
4.44269
4.537H
4.6w5s
4.72fm
4.8.25$4
4.92364
5.m91
5.I.2075
Y4
1.16911
1.I.8S35
1.2.u917
L22859
1.24K
VL7L39
1.29377
1.-
law1.@i86
1.38$q3
1.41550
L44284
l.k~qg
L4SI18
1.*
1.am
1.59331
1.6X.95
Lam
1.697-75
1.73524
1.77432
1.81s93
1.85749
l.~~
1.94773
l.~
2.04534
Z.qq
2.15w3
2.2Q%9
2.2649s
2.3=$5
2.38895
2.4SW
2.S2284
2.59374
2.@29
2.74351
2.&2240
2-W
2-*B7
3.wm.f3
3.1.&335
3-W
3-W3.46083
3.%473
3.67v8
3.Tm33
3.8s6%
4.01269
4.13315
4.25704
4.*37
4.5EQ3
4.64899
w%’
5.qo~
5.21723
5.*7Y
5.52CL58
5.67693
5.83648
5.x@36.L?Jt03
6.3379
6.s923.s
6.67493
6.8scxX
7.=147
~.zq~
‘-7
l.lmo
1.=
1.2J15~
1.26567
1.2.9476
l.-
1.34730
Lykw
L4CQ99
1.432cr2
1.46W4
L4W6
1.52482
1.5SL?
l.~o
1.62%2
1.64594
1.70$67
1.74482
1.@6-k-o
M32943
lw+zq
l.=
L9p~
2.021e4
Z.qqo
2.131*
2.19%8
2.2s193
2.31S&5
2.3W3
Z.wla
2.52Am
2.@m32.6a14J
2.76%3
2.8s376
2-95TI
3.04M2
3.LU50
3.-
3.-
3.4693E
3.=m9
3.7U=3.c!&363
3-91@
4.11945
4.2&S31
4.41502
4.57769
4.74243
4.9338
5493575.27448
5.46489
5-WS.@&&
6.qw
6.29305
6.a.6%
6.74738
6.9W70
7.-”
7.475%9
7-73785
8.c0262
8.rr3TL
8.E5@s
8.833E9
g.ual
9.417&)
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Figure 1.- Sink (negative source) solution.
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(c)Compressibleflqwstreamlines.
Figure5.-Continued.
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(d)Detailsof compressibleflow.
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(a) x-coordinatesofboundaries.
Figure10.- Positionofboundarystreamlines.
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